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ON THE HYPERBOLIC KAC-MOODY LIE ALGEBRA HA(X

SEOK-JIN KANG

Abstract. In this paper, using a homological theory of graded Lie algebras

and the representation theory of A^ , we compute the root multiplicities of

the hyperbolic Kac-Moody Lie algebra HA\ ' up to level 4 and deduce some

interesting combinatorial identities.

Introduction

The hyperbolic Kac-Moody Lie algebras have been considered as the next

natural objects of study after the affine case. While the affine Kac-Moody Lie

algebras have been extensively studied for their close connections to areas such

as combinatorics, modular forms, and mathematical physics, many basic ques-
tions regarding the hyperbolic case are still unresolved. For example, the behav-

ior of the root multiplicities is not well understood. Feingold and Frenkel [F-F]

and Kac, Moody, and Wakimoto [K-M-W] made some progress in this area.

They computed the level 2 root multiplicities for the hyperbolic Kac-Moody

Lie algebras HA[1^ and HE^ , respectively.
In [Kangl] and [Kang2], we introduced an inductive program to study the

higher level root multiplicities and the principally specialized affine characters

of a certain class of Lorentzian Kac-Moody Lie algebras. More precisely, we

realize these Lorentzian Kac-Moody Lie algebras, as the minimal graded Lie

algebras L = ©„eZ Ln with local part V + L0 + V*, where Lrj is an affine

Kac-Moody Lie algebra, V is the basic representation of Lq , and V* is the

contragredient of V. Thus L = G/I, where G — ©n€Z Gn is the maximal

graded Lie algebra with local part V+Lo+V* and / = 0„eZ In is the maximal

graded ideal of G which intersects the local part trivially. By developing a

homological theory, we determined the structure of homogeneous subspaces

L„ = G„/I„ as modules over the affine Kac-Moody Lie algebra L0 for certain

higher levels. The Hochschild-Serre spectral sequences played an important role

in determining the structure of /„ .

For the hyperbolic Kac-Moody Lie algebra HA[X^, we were able to determine

the structure of Ln for n = 1, 2,..., 5, and computed the principally special-

ized affine characters up to level 5. But the root multiplicities were computed up

to level 3 only. In this paper, using the representation theory of A\ ' developed
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in [D-J-K-M-O], we compute the root multiplicities up to level 4 and deduce

some interesting combinatorial identities.

1. Preliminaries

An « x « matrix A = (a¡j) is called a generalized Cartan matrix if it satisfies

the following conditions: (i) an = 2 for i — I, ... , n , (ii) a,; are nonpositive

integers for i ^ j, (iii) ay = 0 implies a¡i = 0. A is called symmetrizable if

DA is symmetric for some diagonal matrix D = diag(qx , ... , q„) with q¡ > 0,
q,■ £ Q. A realization of an n x n matrix A of rank / is a triple (b, n, nv),
where h is a (2m - /)-dimensional complex vector space, U = {ax, ... , an} ,

and nv = {a(, ... , a^} are linearly independent indexed subsets of h* and b,,

respectively, satisfying a.j(df) — a¡j for i, j = 1,..., n. The Kac-Moody Lie
algebra g(A) associated with a generalized Cartan matrix A is the Lie algebra

generated by the elements e¡, f¡ (i = I, ... , n) and f) with the following

defining relations:

[A, A'] = 0   for A, A'eh,

[d, fj] = Sijajf   for i, j = 1,... , n,

(1.1)     [A,é>;] = a,(A)é?,,    [h,fj] = -cxj(h)fj   foTj= \,...,n, Aeb,

(ad e,)1-*«(£>;) = 0   for i, j = 1,..., n with i^j,

(ad f)x-aHfj) = 0   for i, j = 1,..., n with ifj.

An indecomposable generalized Cartan matrix A is said to be of finite type

if all its principal minors are positive, of affine type if all its proper principal

minors are positive and det A = 0, and of indefinite type if A is of neither
finite nor affine type. A is of hyperbolic type if it is of indefinite type and all

its proper principal submatrices are of finite or affine type.
In this paper, we concentrate on the study of the structure of the hyperbolic

Kac-Moody Lie algebra HA[1) with Cartan matrix

/ 2     -1     0
A = (ajj)ij=-ii0,i=     -1     2     -2

V 0     -2     2

We construct the hyperbolic Kac-Moody Lie algebra HA[x^ as follows. Let

g be the affine Kac-Moody Lie algebra A^ with Cartan matrix (_22 ~~2), let

V = V(Aq) be the basic representation of g with highest weight An, and let

V* be the contragredient of V . Then the space V © g © V* has a local Lie

algebra structure. Thus there exist maximal and minimal graded Lie algebras

G and L with the local part V © g © V*. Then L = G/I, where / is the
maximal graded ideal of G intersecting the local part trivially. One can prove

that L is isomorphic to the hyperbolic Kac-Moody Lie algebra HA\X' [F-F,
Kangl]. We will study the structure of the homogeneous spaces L„ - Gn/I„ as

modules over the affine Kac-Moody Lie algebra a[^ . Write G± = 0„>i G±n ,

L± = 0„>! L±„ , and I± = 0„>2^±n • Note that G± is the free Lie algebra

generated by G±x. We denote by a-X, ao, ax the simple roots of HA^'. Let
v0 and Uq be highest and lowest weight vectors of V and V*, respectively.
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By the Gabber-Kac theorem [G-K], the ideal / is generated by the elements

(advo)2(fo) and (adVo)2(eo). In particular, I± is generated by the subspace
/±2-

2. The Witt formula

Let V = V(A) be an integrable irreducible representation of a Kac-Moody

Lie algebra g(A) and let G = 0n>1 Gn be the free Lie algebra generated by V.

Then by using the Poincaré-Birkhoff-Witt theorem and the Möbius inversion,

we obtain the following generalization of the Witt formula [Kangl, Kang2].

Theorem 2.1. Let S — {x¡\i = 1,2,3,...} be an enumeration of all the weights

of V. For x £b,*, set

(2.1) T(x) = {(«) = («!, «2, «3, ...)|«/€Z>o, ^«¿t,- = t} ,

and define

(2-2) B(x)=   Y   ((En7Íñ1)!II(dim^)"--

Then

(2.3) dimGx = Y^(^)\B(x),

where p is the classical Möbius function and x\X if X = kx for some positive
integer k, in which case X/x = k and x/X = l/k.

Remark 2.2. We call the function B(x) the Witt partition function on V. If
t = kA + Yi niat, then the set T(x) corresponds to the partition of x into k

parts. The formula (2.3) is called the Witt formula.

Example 2.3. Let V - F(-a_i) be the basic representation of the affine Kac-

Moody Lie algebra a[1) and let P(V) be the set of weights of V. The weights
of V are of the form -a_i - kao - lax , where k and / are nonnegative

integers satisfying the inequality k - (k - I)2 > 0 [F-L, Kac2]. So for k =

0, 1,2,3,...,/ ranges from k-[Vk] to k + [Vk]. For a weight X = -a_! -
kao - /ai, we have by [F-L],

dimVx=p(k-(k-l)2),

where the p(n) are defined by

OO j j
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We enumerate the elements of the set P(V) lexicographically:

(2.4)

xx = — a_

T2 = — Q_

T3 = — a_

T4 = — Q_

T5 = -a_

T6 = - a_

X-] — — a_

Tg = - a_

-ao,

-a0 - Qi,

- qo - 2ai,

- 2a0 - at,

- 2a0 - 2at,

- 2ao — 3a¡,

- 3qq — 2a1,

Let G be the free Lie algebra generated by the basis elements of V . Then

every root of G is of the form a = -ta-X - ka0 - lax for t > 1, and k, I >0.

By the Witt formula (2.3), we have

(2.5) dimGQ = y>(-)-£(T),

T|a

where J?(t) is given by

(2-6) b(x)= Y ((En?i-ñ1)!n^-^-^)2)"y»

with the enumeration tí , T2, T3, ...  defined above.

Let us compute the multiplicity of the root a = -3a_i - 3ao - 3ax  of G

using the formula (2.5). Note that the only roots that can divide a are a itself

-a_i - an - <*i. So (2.5) becomesand 5 a

dimCra = 2f( —3a_i — 3ao — 3ai) - \B(—a_i — ao — ai).

Since T(-3a_i - 3ao - 3ai) corresponds the partition of -3a_i - 3ao - 3ai

into three parts, and since

—3a_i - 3an - 3ai = (—a_

= (-o_

= (-«_

= (-a_

= (-a_

= (-a_

) + (-a_i) -I- (-a_i - 3a0 - 3ai)

) + (-a_! - a0) + (-a_i - 2a0 - 3ai)

) + (-a_i - a0 - ax) + (-a_i - 2a0 - 2ai)

) + (-a_i - an - 2ai) + (-a_i - 2a0 - 2ax)

- «o) + (-a-i - an - ai) + (-a_i - a0 - 2ai)

-ao -ai) + (-a_i - a0 - ai) + (-a_i -a0-ai),

we have

ß(-3a_, - 3a0 - 3a,) = p(0)2p(3) + 2p(0)p(l)2 + 2p(0)p(l)p(2)

+ 2p(0)2p(l) + 2p(0)2p(l) + ip(l)3

= 3 + 2 + 4 + 2 + 2 + 1 = 13I
3 •

It is clear that B(a-X - a0 - ax) = p(l) = I. Therefore we obtain

dimC7_3Q_1_3ao_3Ql = 13i \ = 13.
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Corollary 2.4. Let V = 0;>1 Vj be an integrable Z+-graded representation of

g(A), and let G be the free Lie algebra on V. For an element v £ Vj, we set

deg(v) = (I, j). Thus every root a of G has the form a = (I, m) for / > 1,

m>l. For s > r > I, define

(2.7) T(r,s) = {(n)\Ynj = r, YJnJ=s}

and

(2.8)
(Œ>;)-1)!

(n)eT(r,s)

Then

(2.9) dimG(,,„,=     £    ,(£»>) £^,,).

Note that the set T(r, s) corresponds to the set of partitions of s into r parts.

Proof. The result follows directly from Theorem 2.1.

Let V = 0m>o Vm be a principally graded representation of a Kac-Moody

Lie algebra g(A), and let G = 0/:>1 G¡ be the free Lie algebra on V. Then

each G i is also a principally graded representation of g(A) induced by the

principal gradation of V :

Gi = ®G(i,m)   for/>l.
m>0

We give a new gradation to V by setting

(2.10) Vm+x = Vm   form>0.

Thus we have V = 07>1 Vj. Then this induces a new gradation on G¡ :

j>i

where C7(/j) are defined by

(2.11) G(/,m+/) = %m)    form>0.

Therefore by Corollary 2.4, we obtain

dim (?(/,„,) = dimt7(/>m+/)

(2-12) =    y   p(

(r,s)\(l,m+l)

where B(r, s) is defined by

£?   ,     \    (r,s)    J (l,m + l)

'"^T{r,s)        11V   J''(2.13) mT{r'S)

(n)eT{r,s)
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Hence the principally specialized character of G¡ over A\' is given by

ch,C7/= £(dim<7(/,m))a'"

w>0

(2'14)        -SÍ  E   '(^ÄH«"-
w>0 \(r,.s)| (/,//!+/)      v     v   '    y      7   v   ' ; /

Example 2.5. Let V = 0„>o V„ be the basic representation of the affine Kac-

Moody Lie algebra a[1^ with the principal gradation and let F(q) = Y™=of(n)<In

be the principally specialized character of V . By [L-M], we have

F(q) = ^¡Q- = 1 + q + q2 + 2q3 + 2«?4 + 3q5 + 4q6 + • • • ,
m)

so /(«) equals the number of partitions of n into odd parts. Let G = 0/;>1 G¡

be the free Lie algebra on V . We will compute dim6(3,3) • By (2.12), we have

dimG(3,3)=dimC7(3;6)=     Y    » (£4) WT)*^ s^
(r,i)|(3,6)       X V   '    ''   V    '     ;

= 5(3,6)- ±5(1, 2).

Since the set T(3, 6) corresponds to the partition of 6 into three parts, and

since

6= 1 + 1+4=1 + 2 + 3 = 2 + 2 + 2,

the formula (2.13) yields

B(3, 6) = A/(0)V(3) + ÎI2jïï/(0)/(l)/(2) + |/(1)3

^    ^     1      13= 2 + 2+- = y.

Similarly, £(1,2) = (1!/1!)/(1) = 1. Therefore we obtain

dimC7(3i3) = ^-i = 4.

3. The symmetric square and the antisymmetric square

Let a be a weight of an integrable representation F of a symmetrizable Kac-

Moody Lie algebra g(A). For a positive integer t, we say that a is divisible by

t if a = tß for some weight ß of V . We define the Signum function e(a, t)

by

,„   , £(a,t) = l   if a is divisible by t,
(3.1 n      ,

= 0   otherwise.

Propositon 3.1. Leí F Ae a« integrable irreducible representation of a sym-

metrizable Kac-Moody Lie algebra g(A) and let B(x) be the Witt partition

function on V defined by (2.2). Then we have

(3.2) dimS2(F)a = 5(a) + ±e(a,2)dimFa/2,

(3.3) dimA2(V)a = B(a) - ±e(a, 2)dim Va/2,
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and hence

(3.4) dim(V®V)a = 2B(a).

Proof (G. B. Seligman). Note that since V is an integrable module over g(A),

so are V ® V, S2(V), and A2(V), and hence are completely reducible over

g(A) [Corollary 10.7, Kac2]. Let 93 = {A,} be an ordered basis of V consisting

of weight vectors. Consider A2(V) as a submodule of V <g> V consisting of

skew-symmetric tensors. Then A2(V) has a basis consisting of elements

\(bi®bj-bj®bi),        i<j.

The linear map sending this element to \(b¡ <g> b¡ + b¡ <g> A,) is an injective rj-

module homomorphism of A2(V) into S2(V). Let M be a complementary

f)-submodule to the image of this linear map in S2(V). Then as b,-modules, we

have

(3.5) S2(V)^A2(V)®M.

But M may be taken to have a basis consisting of elements A, <g> A, which are

weight vectors of weight 2X¡, where the A, is the weight of A,. Thus we have

(3.6) dimA/a = e(a, 2)dim 1^/2-

Since G2 = A2(V), the Witt formula gives

dim A2(F)Q = B(a) - ¿e(a, 2)B(a/2) = B(a) - ¿e(a, 2) dim Va/2 .

Hence by (3.5), we obtain

dim5'2(F)Q = dimA2(F)Q + dimA/Q = 5(a) + ifi(a, 2)dimFa/2.   G

Example 3.2. Let V = V(-2a-X -ao) be an irreducible representation of a[1^ .

The weights of V are of the form -2a_i - kao - Iolx with k > 1, / > 0, and
2k - (k - I)2 - 1 > 0. For X = -2a_, - ka0 - lax, by [F-L], we have

dimVx = E(2k - (k - I)2 - I),

where the function E(n) is defined by

(3.7) Y E^)a" = 0(g)^4) = 1 + g + g2 + 2g3 + 3g4 + 4g5 + 5g6 + ■ • ■ .

We also enumerate the weights of V lexicographically. Now for a = -4a_i -

4ao - 4a!, let us compute dim5'2(F)a . By (3.2), we have

dimS2(V)a = B(a) + ie(a, 2) dim Vaj2 = 5(-4a_, - 4a0 - 4a,) + ±£(3)

= ß(-4a_i - 4a0 - 4ai) + 1.

Since

-4a_i — 4ao — 4ax = (—2a_

=(-2a_

=(-2a_

=(-2a_

=(-2a_

- ao) + (~2a_i - 3ao - 4ai)

- ao — ai) + (—2a_i — 3ao — 3ai)

- ao — 2ai) + (—2a_i — 3ao — 2ai)

- 2ao - ax) + (-2a_i - 2ao - 3ai)

- 2ao - 2ai) + (-2a_i - 2ao - 2ax),
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we have

B(-4a-i - 4a0 - 4a,) = E(0)E(4) + E(l)E(5) + E(0)E(4) + E(2)2 + \E(l)2

= 3 + 4 + 3+l + i-22 = 13.

Therefore

dimS2(V)a= 13+1 = 14.   D

Corollary 3.3. Let V = V(X) be an integrable irreducible representation of a
symmetrizable Kac-Moody Lie algebra g(A). We write

F(e(p) :p<X) = chV = £(dim Vß)e(p).

n<x

Then

(3.8) cnS2(V) = \((F(e(p) : p < X))2 + F(e(2p) :p<X))

and

(3.9) ch A2(V) = \((F(e(p) : p < X))2 - F(e(2p) :p<X)).

In particular, if F(q) = £„>o f(n)Qn is the principally specialized character of

V, then

(3.10) chqS2(V) = \(F(q)2 + F(q2))

and

(3.11) chqA2(V) = \(F(q)2-F(q2)).

Proof (cf. [K-P]). By (3.5), we have

cnM = chS2(V)-cnA2(V).

Since

dim Ma = e(a, 2) dim 1^2 ,

we get

ch M = Y, dim Mae(a) = Y, dim ̂ /2^(a) = Y, dim Vf¡e(2p)
a t a=2\i ¡i<k

= F(e(2p) :p<X).

Hence

ch M = F(e(2/í) : /i < X) = chS2(V) - chA2(K).

Combining this with the obvious identity

(F(e(p) : p < X))2 = chS2(V) + chA2(F)

yields the desired formulas.   D

4. The combinatorial Identities

Let A = (ay),)/=_ 1,0,1 be the generalized Cartan matrix for the hyperbolic

Kac-Moody Lie algebra HA\^ given in §1. Define a bilinear form ( | ) on

f) by (a,-|a7-) = ay for i,j = -1,0, 1.   Let  V - K(-a_i) be the basic
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representation of the affine Kac-Moody Lie algebra a[1K Then, by Proposition

3.1, we have

(4.1) dimS2(V)a = B(a) + l-£(a, 2)p (l - {-^j ,

(4.2) dimA2(F)a = B(a) - l-E(a, 2)p (l - ^\ ,

and

(4.3) dim(V®V)a = 2B(a).

By [Fe], we have

V ® V = Y(a2mV(-2a-X - mô) + a2m+x F(-2a_, - a0 - má)),

m>0

where ô = ao + «i and the coefficients a„ are given by

(4-4) E^" = II(1+^"1)-     ̂ 2)2<t>(q)<t>(q*) '/1>0 /I>1 Y\H/Y\H    )

In [F-F], using the vertex operators, Feingold and Frenkel showed that

S2(F)*5>2wF(-2a_i-ro<J),
m>0

and

A2(V) = 5] a2m+i K(-2a_, - a0 - mô).
m>0

Hence by [F-L] (see Example 3.2), we have

(4.5) dimS2(V)a=Ya2mEU-2m-^) ,
m>0 V '

(4.6) dimA2(F)Q = Y a^E (3 - lm - ^r) . '
m>0 ^ '

and therefore

dim(F ®V)a=Y UimE U-2m- {-^)
m>0 l V y

(4.7) +fl2m+1£^3-2w-^U

m>0 V Z     y

where the £(«) are given by (3.7). Therefore we obtain the following combi-

natorial identities.
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Theorem 4.1.

(4.8) Y a^E Í4 - 2m - <!p) = B(a) + L(a, 2)p (l - ^) ,
m>0 ^ ' ^ '

(4.9) 5:a2.+1£(3-2m-^)=5(a) + ie(a,2)p(l-^);
m>0 ^ ' ^ '

(4.10) ^am£(4-/w-^)=2Ä(a).
m>0

Let V be an integrable irreducible representation of a Kac-Moody Lie algebra

g(A) and let F(q) = Yn°=of(n)a" be the principally specialized character of
V. By Proposition 3.1, we have

ch9S2(F)= WiB(2,W + 2) + ±fi(m,2)/(y))^
m>0 ^ '

ch,A2(F)= W¿(2,m + 2) + ie(m,2)/(y))<?'",
m>0 ^ '

and
c\(V <g> V) = 2 Y B(2, m + 2)qm ,

where the function B(r, s) is defined by (2.13).
On the other hand, Corollary 3.3 yields

ch, S2(V) = \(F(q)2 + F(q2)),     c\ S2(V) = {(F(q)2 - F(q2)),

and
cnq(V®V) = F(q)2.

Therefore we obtain the following combinatorial identities.

Theorem 4.2.

(4.11) Y (B(2,m + 2) + ±£(m,2)f(™))qm = ±(F(q)2 + F(q2)),
m>0 ^ '

(4.12) Y fa » m + 2) - ¿e<w - 2)^ (y)) *" = \(F^2 - F^2V <
m>0 ^ '

and

(4.13) 2 ]T 5(2, m + 2)gm = F(g)2.

m>0

5. Homological approach

We briefly recall the homological theory for the hyperbolic Kac-Moody Lie

algebra HA[1^ developed in [Kangl] and [Kang2]. Let /_ = /_/[/_, /_] and
consider the exact sequence

O^K^ £/(L_)®/_2-.7--»0,
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where y is the usual bracket mapping, and K is the kernel of y/ . From the

long exact sequence

• • • - HX(L., K) -» //,(L_ , C/(L_) ® U) - tf,(L_ , /_)

- 770(¿- , A") - //o(L- , C/(L_) ® 7_2) - //0(Z.- ,/-)-* 0,

we get an A\ -module isomorphism

(5.1) Hx(L-,J-)^H0(L-,K)5íK/L--K.

On the other hand, by the Poincaré-Birkhoff-Witt theorem, we have the follow-

ing exact sequence of L_-modules [Kac2, Kangl, Kang2]:

(5.2) 0^J-^U(L-)®V-^U(L-)^C^0.

In [Kangl] and [Kang2, Theorem 5.2], we proved that there is an isomorphism

of a[1 ̂ modules

(5.3) #,(£_,/_) Si jy3(L_).

Therefore combining with (5.1) yields

(5.4) K/(L-.K)*H3(L.).

In particular, we have

(5.5) //3(L_)_3 = *-3-

Therefore we get

(5.6) L_3 = (F®/_2)///3(L_)_3.

To study the higher levels, for j > 2, let /_  = Yn>j^-» and consider the

quotient Lie algebra Vi) = G-/Iz'.   Then the same homological argument

shows that

(5-7) I-U+l)Z(V®I-j)/H3(LU))-U+l).

By Hochschild-Serre spectral sequences and the Kostant formula, we have the

following theorem.

Theorem 5.1. We have the following information on the A\ -module structure of

the maximal graded ideal I.

7_3 = V ® 7_2,

/-4 = (K® /_3)/(F(-4a_, - 3a0 - a,) © S2(/_2)),

/_5^(F®/_4)/(F®A2(/_2)).

6. The principally specialized characters and
the root multiplicities

In this section, we compute the principally specialized affine characters and

the root multiplicities for the hyperbolic Kac-Moody Lie algebra HA\1] for the
levels 1 to 5 and for the levels 1 to 4, respectively. Let F(q), X(q), Y(q),

and Z(q) be the principally specialized characters of the integrable irreducible



634 SEOK-JIN RANG

representations of A^ of level 1, 2, 3, and 4 given in [Kangl] and [L-M]. We

introduce the following functions

W2(q) = ch, C7_2

(6-1} =Y(B(2,m + 2)-l-E(m,2)f^))q-,
m>0 ^ '

W3(q) = ch, C7_3

(6-2) =S(i(3,m + 3)-ie(m,3)/(f))a«)
m>0 ^ '

WA(q) = ch, C7_4

(6.3) = Y/(B(4,m + 4)-l-£(m,2)B{2,j + 2))qm,

W5(q) = ch, (7_5

(6-4) =5:(5(5,m + 5)-ie(m,5)/(^))^.
m>0 ^ '

Theorem 6.1. Let L = 0„€Z L„ be the realization of the hyperbolic Kac-Moody

Lie algebra Ha\1^ .   Then the principally specialized characters of L_„ , n =

1, 2, ... , 5, are given by the following formulas:

ch,L_i =F(q),

chq L_2 = W2(q)-X(q),

c\L^ = Wi(q)-F(q)X(q),

ch, L_4 = W4(q) - F(q)2X(q) + Z(q) + \(X(q)2 + X(q2)),

ch, L_5 = W5(q) - F(q)3X(q) + F(q)Z(q) + F(q)X(q)2 .

Proof. The results follow directly from Theorem 5.1 and formula (2.14).   D

Now we compute the root multiplicities. We recall the representation theory

of a\1) developed in [D-J-K-M-O]. Let E2n = (1, 0) and e2n+i) = (0, 1) for
n > 0. Fix a positive integer /. A path is a sequence n — (n(k))k>0 consisting

of elements n(k) £ Z2 of the form E^k) H-V ew(¿) with p¡(k) £ Z . With
a level / dominant weight A = <u,-, + • ■ • + coH we associate a path nA =

(fl\(k))k>o, where

r¡\(k) = sil+k + • • • + eil+k.

A path n is called a A-path if n(k) = r¡A(k) for /c > 0. Let ¿P(A) denote the
set of A-paths. We define the weight wt(n) of n by

(6.5) wtfo) = A - Y n{n{k) - nA(k)) - co(n)S,
k>0

(6.6) co(n) = Y k(H(n(k -I), n(k)) - H(nA(k - 1), r,A(k))),
k>\

where n is defined by tt^) = coß+x - coß   (co2 = coo).  The function H is
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given as follows: for a = £ß]-\-h em and ß = £„, H-\-£v,  (0 < //,, u¡ < 2),

i

(6.7) H(a,ß) = minYOtßi-Vo(i))>
i=i

where o runs over the permutation group on / letters, and

ti*\ 9{fi) = l    if>^0'
(o.o) ,

= 0   otherwise.

Let

&>(A)ll = {r,e&(A)\wt(ri) = ii},

and define

(6.9) P(A)„ = #^(A)„.

Theorem 6.2 [D-J-K-M-O].  dim V(A)li = P(A)li.

Let Sx = {xj\i =1,2,3,...} and S2 = {p¡\i =1,2, 3,...} be enumera-
tions of all the weights of V(-a_x) and V(-2a-X - a0), respectively. Then

the Witt partition functions on V(-a-X) and F(-2a_i-ao) are given by

(6.10)      *,<„. e «jjfc^ni-»-"*
(»)er(T)     lu"'-j

and

(6.11) b2(x)= Y E(n¿7/)!IIf(-2a-'-^-
(n)er(T)      1U '';       i

By the Witt formula, we have

(6.12) dim(C7_2)a = 51(a)-ie(a,2)P(-a_1)Q/2,

(6.13) dim(C7_3)a = Bx(a) - %e(a, 3)P(-a_,)a/3,

and

(6.14) dim(G_4)a = Bx(a) - ¿e(a, 2)Bx(a/2),

Since /_2 — F(-2a_i - ao), by Theorem 6.2, we have

(6.15) dim(/_2)a = P(-2a_) - a0)a .

By Theorem 5.1 and [Fe], we have

/_3 S V ® 7_2 = V(-a-X) ® F(-2a_i - a0)

= £(amK(-3a_i - a0 - m¿) + AmF(-3a_, - (m + 1)¿)),

m>0

where the coefficients am and Am are given by

am = J>(m - ;'(20; + 3)) -p(m - (4; + 3)(5; + 3)))
;ez

and

Am = J>(m - (20;2 + 11; + 1)) -p(m - (20;2 + 19; + 4))).
jez
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Therefore, by Theorem 6.2, we have

Nx(a) = dim(/_3)a

(6.16) = Y(amP(-l<*-i-ao-mô)a + bmP(-3a-X-(m+l)ô)a).
m>0

For 7_4 , Theorem 5.1 gives

/_4 = (V ® /_3)/(F(-4a_! - 3a0 - Ql) ©S2(/_2))

= (K ® F ® /_2)/(F(-4a_i - 3a0 - a,) © S2(/_2)).

Define

AH = 5>(n - 3;(10; + 1)) -p(« - 3;(10; + 7))),
J€Z

Bn = Y(P(n -ÄW + 7)) -Pi" - (3°/ + H; - 6))),
jez

C„ = J>(/i - (30;2 +13; + 1)) - p(n - (30;2 + 31; + 7))),
jez

Dn = Y(P(n - i(30; + l))-p(n- ;(30; + 7))),
jez

£„ = £>(« - 3;(10; - 3)) - p(n - (30;2 - 3; - 2))),
jez

Fn = Y(P(n - (3°;2 - 19> + 2)) -/>(» - (30;2 - 13; - 2))).
jez

By [Fe], we get

V ® F ® /_2 = ^(p¿F(-4a_, - a0 - fc<î) + qkV(-4a_x - 2a0 - fc£)
/c>0

+ #*K(-4a_i-(*+l)*)),

where the coefficients pk, qk, and r^ are given by

Pfc =   /^(^m^fc-w + bmEk-m-i),
m>0

Qk =   / \amBk-m + bmFk-m-X),

m>0

rk =   Y (amCk-m + bmDk-m) .
m>0

It follows that

(6.17)
dim(F ® /_3)a = ]T(p¿P(-4a_i - a0 - kô)a + a*/»(-4a_i - 2a0 - fc<5)Q

/c>0

+rfcP(-4a_1-(/c+l)¿)a).

By Proposition 3.1, we have

dimS2(/_2)a = B2(a) + ie(a, 2)/>(-2a_1 - a0)o/2 .
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Therefore we obtain

(6.18)
N2(a) = dim(/_4)a

= Y(PkP(~4a~l ~a0- kô)a + <7fcP(-4a_! - 2a0 - kô)a
k>0

+ rkP(-4a-X - (k + l)ô)a)

-P(-4a-X -3a0-ai)Q - B2(a) - \e(a, 2)P(-2a_i - a0)a/2 .

We summarize these results in the following theorem.

Theorem 6.3. Let L = 0„GZ Ln be the realization of the hyperbolic Kac-Moody

Lie algebra HA\ '. Then we have the following root multiplicity formulas:

dim(L_i)a = P(-a_i)a,

dim(L_2)a = Bx(a) - \e(u, 2)P(-a_.)a/2 - P(-2a_i - a0)a ,

dim(L_3)a = Bx(a) - ±s(a, 3)P(-a_i)a/3 - Nx(a),

dim(L_4)a = Bx (a) - \e(a, 2)BX (a/2) - N2(a).
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